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^H ' Abstract 

f^ ^ • B.C. Berndt evaluated special values of the cotangent Dirichlet series. 

T. Arakawa studied a generalization of the series, or generalized cotangent 
Dirichlet series, and gave its transformation formulae. 
2 ' In this paper, we establish an elliptic analogue of the generalized cotan- 

gent Dirichlet series and give its transformation formulae at some integer 
arguments. As a corollary, we obtain the transformation formulae of the 
generalized cotangent Dirichlet series at some integer arguments which 
are the part of Arakawa's transformation formulae. Those transformation 
formulae give the special values of the cotangent Dirichlet series evaluated 



> 



-^ • by B.C. Berndt. 
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1 Introduction 

The cotangent Dirichlet series 



^ cot nna 
^{s,a):=}_^—-^ (1.1) 

n— 1 



for an irrational real algebraic number a over Q has been studied by B.C. Berndt 
[5]. He showed that £,{s,a) is absolutely convergent if Re(s) is larger than the 
degree of a, and evaluated the special values of ^(s, a) for positive odd integers 
s and real quadratic numbers a. After him, T. Arakawa improved the bounds of 
convergence from the degree of a to 1 by use of the Thue-Siegel-Roth theorem. 

THEOREM 1.1. (B.C.Berndt /5, Theorem 5.1, 5. 2J withT. Arakawa f^ Lemma 

If) 

(i) If s is a real number with Re(s) > 1 and a is an irrational real algebraic 

number, then ^(s, a) is absolutely convergent. 

(ii) Let a = {a + 6-\/c)/2 and e — ±1, where a, b and c are integers with c > 



and a^ — cb^ = 4e. If I is an integer with I > 1, then 

{l-ea^^-^mi-l^a) = t}t^^^J2(l[\a^^-^ B,,B,,_,,. (1.2) 



^ ' fc=o ^ 

oo 

Here Bk are the k-th Bernoulli numbers defined by ^ {BmlTn\)x"^ = x/(e^ — 1). 

For real numbers s and x, let e(s) denote e^^''', and (x) (resp. {x}) the real 
number which satisfies < (x) < 1 and x — (x) £ "Z (resp. < {x} < 1 and 
X — {x} G Z). Furthermore let x(x) be the characteristic function of integers, 
i.e., 

J 1 if X E li, 
^^^' '^ [0 if x ^ Z, 

and C(s,a;) the Hurwitz zeta function defined by 



oo _. 

C(s,x):=y- - 



n=0 



For any pair uj — (wi,aj2) of positive real numbers and for complex numbers 

z,i e C, we set 

r< t - +A exp(-zf) 



(1 - cxp(-wit))(l - exp(-i:j20) 
T. Arakawa 2 established transformation formulae for the infinite series 

Hia, s, X, ,) := E ^ f^ + e(./2) g <Z'J T~f1 (1-3) 
■^-^ n^ '' 1 — eina) ^-^ n^ ^ 1 — &\na) 

THEOREM 1.2. (T. Arakawa fl Theorem IJ) Let a be any irrational real 

algebraic number, and let V ^ [ w ) ^ SL2(Z) with c > and ca + d > {). 

Put P = ca + d, and set p' = pa + qc, q' = pb + qd, and p = {q'}c — {p'}d for 
any pair {p,q) of real numbers. //Re(s) < 0, then 

r'HiVa,s,p,q) 
= Hia, s,p', q') - x(p)(27r)-^e(s/4)/3-^r(s)(C(s, (q)) + e(s/2)C(s, (-q))) 
-x(p')(2^)"^e(-s/4)/3-^r(s)(C(s, i-q')) + e(s/2)C(s, {q'))) 
+{2Tr)-''e{-s/4)L{a, s,p', q' , c, d). (1.4) 

Here T(s) is the gamma function and 
L{a,s,p',q',c,d) = ~Y. I ^^"'^^(l - {^^^} + /3^^^, (1, /3); i)dt 

^— ^/(A,oo) 



where J(A, cxd) is the integral path consisting of the oriented half line (+00, A), a 
counterclockwise circle of radius A around the origin, and the oriented half line 
(A, +00). 

REMARK 1.3. Let u,uj be positive real numbers, and s a complex number. 
The Barnes zeta function 



C2(s,w,m) := Y^ 



1 



(u + m + nuY 

m.n—O 

has been intensively studied by Barnes [4j. L(a, s,p' ,q' ,c,d) is rewritten in 
terms of Barnes zeta function as follows (see [Sj (1.18)]) . 

L{a,s,p',q',c,d)^-r{s){e{s)-l)Y,C2{s,f3,l^{^-^^} + /3^—^). 

^^ c c 

We define the function ^{s,a,x,y) by 

i{s,a,x,y) -.^ -H{a,l- s,-y,x) (1.5) 

which is modified the arguments a, s, x, y of H(a, s, x, y). The purpose of the 
modification is to express our results easily (for example, see (II. 6p in which 
the argument s is adjusted to that of ^(s, a), and (|4.4I) in which transformation 
formulae on the modular group is effectively described). The cotangent Dirichlet 
series ^(s, a) is expressed by the function ^(s, a, x, y) with (x, y) = (0, 1): 

as, a) = -2*(^^^^-^|(s,a,0, 1) + ^((s)), (1.6) 

where C(s) := ^ l/n'* is the Riemann zeta function. Therefor we call ^(s, a, x,?/) 

n=l 

generalized cotangent seires. 

The first aim of this paper is to establish elliptic analogue ^(s, a, x\ x, y' , y; r) 
to f(s,a,a;,y) which we call elliptic generalized cotangent Dirichlet series (see 
Definition 12. 1[) . The second is to give transformation formulae of the elliptic 
generalized cotangent Dirichlet series at some integer arguments, or at s G Z 
with s > 2 (see Theorem l4.2p . It should be noted that the argument s is allowed 
any complex number s with Re(s) > 1 in Arakawa's transformation formulae 
of £,{s,a,x,y). In particular, if a is a real quadratic number, then £,{s,a) is 
meromorphic with respect to s and its transformation formulae hold at all com- 
plex numbers s. (We note that T. Arakawa [3] gave certain relations between 
residues at poles of ^(s, a) and special values of partial zeta-function and Hecke 
L-functions.) On the other hand, in our transformation formulae, the argument 
s is restricted positive integers at least 3. The reason of the restriction is that 
it is difficult to apply Arakawa's way of establishing transformation formulae 
of ^(s,a,x,2/) to our case. For applying, we need an integral representation of 
^(s, a, x' , X, y' , y; t) and an elliptic analogue of Barnes zeta function. However, 



we can give Berndt's Theorem 11.11 (ii) from our transformation formulae, be- 
cause it is derived from Arakawa's transformation formulae in the case that s 
is an odd integer with s > 3 which follow from our transformation formulae of 
i{s, a, x', X, y', y; r) by r ^ ioo. 

The paper is organized as follows: In Section [^ we define the elliptic gen- 
eralized cotangent Dirichlet seires ^(s, a,a;', x, j/', y; r) and show that it is ab- 
solutely convergent if Re(s) > 2. In Section |3l we prepare Elliptic Dedekind- 
Rademacher sums for next Section 2] in which we establish transformation 
formulae of £,{s,a,x' ,x,y' ,y;T) with integers s > 2. In Section [51 from our 
transformation formulae, we derive (jl.4p with integers s < — 1 and Theorem 
11.11 (ii). Section [5] and [7] devote the proofs of Lemma 14.31 and 14.41 in Section 2] 
respectively. 

Throughout the paper, let a be an irrational algebraic number over Q, s 
a complex number, y',y^x',x real numbers, r a complex number with positive 
imaginary part, and SL2(Z) the modular group. If A is a ring, M2(A) means 
the set of two by two matrixies whose entries are in A. We use the following 
notions: e(x) := e^^"^, Vz := (az + b)/{cz + d) and j{V; z) := cz + d where 
zeCandT/^ («^) G SL2(Z). 

2 Elliptic generalized cotangent Dirichlet series 

In this section, we fulfill the first aim of this paper, or define the elliptic gener- 
alized cotangent Dirichlet series S,{s,a,x' ,x,y' ,y;T) as analogue to generalized 
cotangent Dirichlet series ^(s, a, y, x; r). For the aim, we introduce the function 

F_[x' , x; X; r) which is analogue to -. — - used in ^(s, a, x, y). 

Let q = e(r). The function F_{x' , x; X; r) is built by Jacobi's theta function 

0ix; t) ■= J2 e(|(m + h^T + (m + i)(a; + h) (2.1) 



V/*(e( 2 ) - e(--)) n (1 - e(-a;)g™)(l - e(x)g")(l - g") 



,x, , X 
)] 

m— 1 

which is an odd and quasi periodic entire function: 

e{-x;T) = -e{x;T), 
eix + l;T)^^0{x;T), 

9{x -f t; t) = -c(-^ - x)9{x; r). 



(2.2) 



Let 9'{x] t) denote the derivative of 0{x; r) with respect to x. For any two tuple 
of real numbers x — {x' , x) e M^ \ Z^, the function F_{x; X; r) is defined by 

Fix;X;r) := e(xX)^^-,^-^— ^^^^-^ (2.3) 



which is Kronecker double series introduced in [TB] and essentially a meromor- 
phic Jacobi form studied in [ITl Section 3]. Some fundamental properties of 
F(x] X; t) are following: As a function with respect to X, it is meromorphic 
with only simple poles on the lattice Z + tZ. By (12. 2|) it has properties 



F{x;X + l;T)^e{x)F{x-X;T), F{x;X + t;t) = e{x')F{x;X;T), (2.4) 
F{^x:-X;t) = -F{x;X;t), F{x + a^X^r) ^ F{x]X;t) (2.5) 

where a = {a' ,a) G I? . 

If 2/ ^ Z, we find from (|1.3|) and (jl.5|) that the infinite series ^(s,a,2/, x) is 
express as 

~, . v-^ e(r7ia;) e(am(—y)) ,„ „, 

-■^^ m^ e(am) — 1 

By considering f^(a?';X; r) to be an elliptic generalization to e{{x) X) / {e{X) — 1) , 
we define the elliptic analogue ^(s, a, x' , x, y' , y; r) of ^(s, a, y, x; t) as follows: 

DEFINITION 2.1. Let a be an irrational real algebraic number and s a com- 
plex number with Re(s) > 2. For four real numbers x' , x, y' , y with [y' , y) ^ Z^, 
the elliptic generalized cotangent Dirichlet series £,{s,a,x' ,x,y' ,y;T) is defined 

by 



■^-^' e{m'x' + mx) 



C(s, a, x', X, y', y; r) := > -^ -^F{-y; a(Tm' + m);T) (2.7) 



?n' .771 



where the summation ranges over all elements in Z^ except (0, 0). 

We prove the convergency of ^(s, a, x' , x, y' , y; r). 

LEMMA 2.2. For any complex numbers withKe(s) > 2, £^{s,a,x' ,x,y' ,y;T) 
absolutely converges. 

Proof. Let LHS mean the absolute value of ^(s, a, x' , x, y' , y; r). Set x — (a;', a;) 
and y = {y' Ty)- Because the function F_(x\x' ;X]t) with respect to X is mero- 
morphic with only simple poles on the lattice Z -t- rZ, there is a positive real 
number C = C{x' ,x,t) depending on x' ,x,t which satisfy the following prop- 
erty: li X = t£_' -|- ^ is a complex number with —1/2 < ^', i^ < 1/2, then 

\XF{x;;X;t)\<C. 

For any real number r, let [[r]] and ((r)) mean the integer and the real number 
satisfying -1/2 < ((r)) < 1/2 and r = [[r]] + ((r)>. By ((2^ . 



F_(x; airm + m); r) = e{x [[am ]] -|- a:[[ar?T,]])_F(a'; T{{am )) -|- {{am))] t), 
thus wc have 



LHS<C 



m' .m 



iTm' 



m[^ [T{{am')) + {{am) 



(2.8) 



If r' and r are real numbers, it holds that 

|rr' + r| > |Ini(T)| x (niax{|r'|, |r|}), 
\Tr' +rf > 2(|r| - |Re T|)|r'r|. 

The first inequality is derived from 

Irr'+rp = \T\^r'^ + {t + Tyr + r^ = (Re(T)r' + r)^ + (Im(r)r')^ > (Im(T)r')^ 

and |rr' + rp = |rp|r' + (l/r)rp. Since 

< (|r|r' ± r)2 = jr^r'^ + r^ ± 2|T|r'r, 

one has 

|rr'±rp - {T + T)r'r = |r|^r'^ + r^ = T2|r|r'r > 2|r||rV|. 

Thus the second is derived from 

|rr'±rp > 2|r||r'r| + (T + r)r'r > (2|t| - |r + T|)|r'r| = 2(|r| - |Re r|)|r'r|. 

Since |t| — |Re t\ is positive because of Im(r) > 0, there is a positive real number 
D — D{t) depending on t such that the following inequality holds: 



LHS 



(2.9) 



< CD 






m' m 



< CD 



^ Kn((am'))|^e |mn((am))| 



^tf Kr/2|((am'))|^/'^^tr |mr/'|((am))|i/^^ 
^, |mf|((am'))| + ^ HlT(^^ 



where the summation X^m' ^'^'^ Sm range over all integers except zero respec- 

oo 1 

tively. T. Arakawa showed that the series ^ — TTTiTT TTT converges if e > 

m— 1 



m^^'^\{{am) 



in the proof of [2, Lemma 1]. Because 1/y/x < 1/x if < a; < 1, the series 

oo 1 

^ TjT does too. Therefore the right hand side of ()2.9p converges 



..Jimi+^|((am))|'/' 
which complete the proof. 



D 



3 Elliptic Dedekind-Rademacher sums 

We introduce Elliptic Dedekind-Rademacher sums Sm.n{i',x' ,x,y' ^y\T) for 
describing transformation formulae of ^{s,a,x' ,x,y' ,y;T) which will be estab- 
lished next section. 

These sums are built up by elliptic Bernoulli functions B„i{x' , x; r) which 
are defined by use of the generating function F_{x' , x; X; t): 

F{x',x;X;t) = V ^"'^^'f '^\ 27rz)'"X'"-^ (3.1) 



m 

771—0 



Elliptic Bernoulli functions are a part of Kronecker's double series (see [TB]V 
They have the following explicit expressions (for example, see |14[ ) 



B„(f;r) = m(^{x- j) 



7-1 e{-XT)q^ 



j^i e(-a;') - e{-xT)q3 



7-1 e{xT)q^ „_i c{-x' + xt) 

e{xX) 



-^(x+jT-^ ^^-^'^"^ ^. +x"'-^ ;' ;^\'> )+B,^{x), (3.2) 
■f— ' e(a;'j — e[xT)q^ e[—x' + xt) — 1/ 



where q — e(T) and B,n{x) are Bernoulli polynomials defined by 



e{X) - 1 



V ^^(27riX)™-i. For x = (x',x) G R^ \ Z^ and a = (a', a) e Z^, they 

m=0 "^! 

satisfy by p.5p that 



B™(-a-;r)-(-l)™B„(f;T), B,„(x + a; r) = B„(f; r). (3.3) 

We note that, for x € E^, Bm{x; t) is discontinuous if m = 1, 2 and x G Z^, and 
continuous otherwise because of p.2p . 

For defining the elliptic Dedekind-Rademacher sums Sm.nif,x',x,y',y;T), 
we prepare the numerator and denominator maps n and d defined by 

n:Q^Z, rh^p, , - 

d:Q^Z>o, r^q ^''- > 

where p^q are a unique pare of integers such that gcd(p, g) = 1,<Z > 1 and 
r = p/q. 

DEFINITION 3.1. For nonnegative integers m, n, any rational number r ^ 
and real numbers x', x, y', y, we define elliptic Dedekind-Rademacher sums by 



1 V- o fj + y..\^ f^...J + y ^. 



S^,,{r,x',x,y',y;r):=— ^1 ^™(^5 r)B,7(n(r) 

(3.5) 
where the summation ranges over {j',j) G {Zi/d{r)'Z) and j,x,y denotes the 
vectors {f ,j),{x' ,x),{y' ,y) respectively. Because of discontinuity of Bi{z;t) 
and B2{z; r) at z G Z^, we suppose that y, n{r)y — d{r)x ^ Z^ if m, n G {1, 2}. 



We note the relation between these sums and the sums SL, „ ( , ,'°, , ,' I r,. ) 

in-,^ \ (a; ,x) [y ,y) [z ,z) / 

defined in [14] : 

Of/ I \ - qr Al'l) {n{r),n{r)) {d(r),d{r))\ , . 

^™,„^r,x,x,2/,2/,Tj_^,„^„ (^^Q^Q^ (x',x) {y\y) J' ^'^■^> 

4 Transformation formulae of elliptic general- 
ized cotangent Dirichlet series 

In this section, we give transformation formulae of elliptic generalized cotangent 
Dirichlet series ^(s, a, x' , x, y' , y; r) at integers s > 2, which is the second aim of 
this paper. 

Firstly we modify and prepare some notations for describing the transforma- 
tion formulae simply. The four arguments {x' , x, y', y) used in ^(s, a, x', x, y', y; r) 
and Sm,n{fi x' ^ x, 2/', y; r) are rewritten in terms of a matrix element of M2(IR), 
or M =(;;;). Thus 

|(s, a, M; t) := l{s, a, x' , x, y' , y; r), 
5'm,„(r, Af;T) := S'm,„(r, a;', a;, y', y; r). 

Hereafter we sometimes write the matrix M as (iS) where a; = (x',a;) and 
y= {y',y). li m e Z, z e C, M = (|) G M2(R) and T/ = (^ ;5) G SL2(Z) with 
y, ex + dy ^ Z^, then we define polynomials Rvih z, M;t) of z by 

Rv{1,z,M;t) 

(c = 0), 

R-v{1,z,M;t) (c<0) 

(4.2) 

where j(F;2:) := cz + d is the automorphic factor on SL2(Z). We note that 
these polynomials derive period polynomials as follows (See [5] about period 
polynomials): If F = (^ ^^ ) , then 

Ryil,z,M;r)=^-^^ J2 Q.+ ^^) (-z)'^S.+i(y; r)i3,_,(f ; r) 

Therefore 

.IJ- i?v(^ ^, M; r) = ^1^ ^^^ Q+ ^^) (-.)'^S.+i(y)5.-.(x) 

where Bn{x) are bernoulli functions. By tending x and j/ to 0, we obtain the 
period polynomials over Q. 



REMARK 4.1. When r tends to ioo, Rv{m,z,M;T) are equal to /;+i(— d, c;z) 
in [6l (1.2)] up to a constant. Thus (|4.5I) below can be considered as elhptic 
generahzations of Carhtz's reciprocity relations [5J (1.11)]. 

The transformation formulae are as follows: 

THEOREM 4.2. for V" = (^ ^j) G SL2(Z), Zet M2(F) be the subset o/M2(M) 
defined by 



M2(^):-^(^, y = r-.)eM2(M) 



y,cx + dy(^Z^\. (4.3) 



iet a 6e an irrational real algebraic number. If I d Ij with I > S, V (Iz SL2(Z) 
and M e M2(V^), Ji /lo/ds f/iai 

K^, a, M; t) - j{V; a)'-i|(Z, Va, VM; r) = Rv{l, a, M; r). (4.4) 

To prove the theorem, we need the following two lemmas which will be 
proved in Section |6] and [71 

LEMMA 4.3. Let T and S denote the matrices „ _. I and „ 1 respec- 

tively. IfVe {T±,S'}, then (g^p holds. 

LEMMA 4.4. If I e Z>o, z e C, y,Fi,T/2 e SL2(Z) with V = ^2^1, a^irf 
MeM2(y)nM2(V^i), i/ien 

i?v, (Z, z, M; r) + j(Vl, z)'-ii?y, (Z, V^z, V^M; r) = i?v'(Z, z, M; r). (4.5) 

We prove Theorem [ 



Proof of Theorem \4-.S\ Put G — {T^, S*}. For any positive integer n, let C/„ be 
a subset of SL2(Z) defined by 

C/„ ~ {V e SL2(Z)|there are n matrices V^i, . . . , Ki e G with V = KKi-i • • • Vi}. 

If y is a matrix in SL2(Z), there is a positive integer n with V €z Un since 
G generates SL2(Z) (see [H Theorem 2.1]). We will prove (j4.4p by induction 
on n. If n equals 1, the claim has been shown in Lemma 14.31 Suppose that 
it is true in case of n — 1. Let y be a matrix in C/„. Then there are two 
matrices Vi and V2 such that Vi G G, V2 G C^n-i and V = V2V1. By virtue of 
j{V;a)=j{Vi:a)j{V2;Via), 

in a, M; r) - j{V; ay-^iil, Va, VM; r) 
i{l, a, M; t) - j{Vi;ay-'i{l, Via, V^M; r) 



+jiVi;ay-^ {i{l, Via, ViM; r) - j(^2; Viaf-^^il, ^21^^, V2V1M; r)) 



(induction) 



Rv, (l, a, M; t) + j(Vi,ay-^Rv, {I, Via, ViM; t) 

^ Rv{l,a,M;T) 

which gives g31) when M G M2(F) f] M2(Vi). The set M2(y) fl M2(Vi) is dense 
in M2(IR), so we obtain (|4.4p with M G M2(y), which completes the proof. D 



5 A part of Arakawa's transformation formulae 
and Berndt's Theorem 11.11 (ii) 



In this section, by use of Theorem 14.21 we verify a part of Arakawa's transfor- 
mation formulae, or (jl.4p with integers s < —1. Berndt's Theorem ll.il (ii) is 
induced from [3j Proposition 2.2] which is derived from Arakawa's transforma- 
tion formulae with integers s < — 1, thus we obtain Berndt's Theorem ll.il (ii) 
as a corollary. 

Let s(x) and c{x) be sin(27ra;) and cos(27rx) respectively. We firstly introduce 

the behaviors of the real parts of -- — rrrTCi^^ "^j -^S ''') ^^'^ ^m n(r, x' , x, y' , y; r) 

(27ri)'+-'- 

when r — > ioo. To do this, we need the functions 

s{mx) 

; — (( even) 

I — m 
Cli{x) := 

'i + y\f, I / J + y 



'■ — ' VfV 
?n — 1 



,(r,x,2/):= ^ B,„(— — )B„(n(r) 



dir) I "\ ' ' d(r) 






where the prime of the last summation means excluding j such that O'^i^ — 
a; S Z or h^^ — y & Z. We note that Cli{x) are Clausen functions (see 
[13]), and Sm,n{T,x,y) and €{r,x,y) respectively are the generalized Dedekind- 
Rademacher sums in [10] and the cotangent sum in [7 : 

S (t- T ?/) — <? (^ "('■) ''(''h 

^{r, X, y) = c(l, nir), d{r);0, x, y). 

The behaviors of the real parts are following; 

PROPOSITION 5.1. Let Re z denote the real part of a complex number z. 
(i) Let a he an irrational real algebraic number, I an integer with I > 2, and 
x',x,y\y real numbers with {y',y) ^ Z^. Then we have 



^K(2^^z)^.^Too^~(''"'^''^'^''y=")) 

I ^-j^{^ii^^^^^y)-xiy)ciiix)) {I odd), 

— — -p (^i{l, a, X, y) - ix{y)Cli{x)j (/ even) 



10 



(ii) Let r he a rational number r ^ Q and x', x, j/', y real numbers with x, n{r)x- 
d{r)y ^ 7? . Then we have 



Re Jim S'„i,„(r, x' , x, y', y; r) 

7/"^ (m ^ r). ^ 1 11 ri(r\ii — rKr^T f^ '^.^ 

(5.2) 



Sm,n{r, X, y) - \€{r, x,y) {m ^ n ^ 1, y, n{r)y - d{r)x e Z), 



[Sm,n{r,x,y) (otherwise). 

Proof. In order to prove (i), we introduce the Fourier expansion for the Jacobi 
form (see [M, p. 70] or [HI p. 456]) 

^ _ ^^(O^rMe + X^ 
^^^''''"^- 0{^;r)eiX;r) " 

If |Im^|,|ImX| < |Imr|, then 

OO 

F{^,X;t) = 7r(cot7rC + cot7rX) - 27ri ^ (eii^ + jX) - e{-i^ - jX))e{iJT). 

Let ^',^,X' and X be real numbers with \X'\ < 1/2 and |^| < 1. We find from 
the Fourier expansion that 

= e{^{X'T + X))F{~C + ^t,X't + X;t) 

{^{X't + X)) (cot 7r(-C' + e-r) + cot 7r(X + X't)) (5.3) 



7re 



-2^ze(CX) ^ (e(-zC' + J^)e((* + X')(j + Or) 

-e{^^'-JX)e{{^-X'){J-Or)). 



ij = l 



If c = min{l — 1^1, 1/2}, then it follows from j±^ > cj and i±X' > ci (i,j G Z) 
that 



OO 

^(e(-ze' + jX)e((z + X')(j+OT) 

OO 

- e(zC' - jX)e((z - X')(j - 0^)) < 2 J] e(c2zjr). (5.4) 

Let the symbols [[^]] and ((^)) be as in the proof of Lemma [2.21 and {a:;} as in 
Section [TJ For any integer m' G Z, let yo = {^y} if m = 0, and let y^' be 
the real number such that ym' = —y (mod 1), \ym'\ < 1 and y,n>{{am')) > 
otherwise. It is derived from (|2.4p . (|2.5I) and am' = [[qitti']] + {{am')) that 

F{-y;a{Tm' + m):T) = c{-[[am']]y')F{-y' ,yrn'; {{am'))T + am^r), 
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thus we find from (|5.3p and (15. 4p that 
lim i{l,a,x',x,y',y;T) 



— -Tc(-[[aTO']]y')c(2;m'(((aTO'))r + am)) (5.5) 

, ,.^ (jm + 7TT,)' 

ra' ,ra 

X ( cot 7r(y' + y-m'T') + cot 7r(am + {{arn!))T) \ 



T— fZOO 

m' m 



where Sm',m are the summands in the summation. Let c be a positive real 
number such that jzcotTTzj < c for any complex number z with |Re z\, |Im z\ < 
1/2. Since cotTTZ = i{e{z) + l)/(e(z) — 1) converges at ±i when z tends to ^ioo, 
there is a positive real number c' such that 



(3 

IcOtTTzl < Tl + '^' 

\z\ 



for z e C \ {0} with |Re z\ < 1/2. Set C = max{c,c'}. Since y„/((am')) > 0, 
one obtains 



^ \S^',n\ <CY, U^, , ^i; (|//„,U , „„,„ 



1 



|Tm'+m|' V|((y'))+y,„,T| |((am)) + ((am'))r| 

which together with (|2.8p and / > 2 gives 

E/ 
.Sm',™ = 0. (5.6) 

. t. , 

Thus we have 

lim i{l,a,x',x,y',y;T) 

r— >zoo 

E' ,. e(mx) , r ^ .( / / r 1 X \ 

lim ; — e(TO|— yja)! cot 7r(j/ + |— j/|rj + cot Trma I 

E' eimx) .sr-^' e(mx) , ^, 
■, — cot Trma + cot vry > ; — , (y £ £), 



= TT X ' 



y ^("^^" + |-^^"» cot nma - » V ^ ^^^ + ^V^^^^^ , (y ^ Z), 
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E 



c(mx) , s—^ s(mx) 
; — cot nma + i cot Try > ;— . 



s(?Tia;) 



m— 1 

oo 



-. — cot TTma + cot iry > 



c(mx) 



27r X < 



T7l — 1 



v^ c(m(a; + {-t/}a)) .^ s(m(a; + {-i/}a)) 
> ; cot nma + > ; , 



r71=:l 



•(E 



s(m(x + {-y}a)) 



m— 1 



1 1 > — — ^ ^ — — — — cot irma — y 

V. m— 1 ?n— 1 



c(TO(a; + {-y}a)) 



m 



(y e Z, / odd), 
(y S Z, Z even), 
{yiZ, I odd), 
(y ^ Z, / even). 



Set x'(2^) •— l~x(2^) where x(a:) is the characteristic function of integers defined 
in Section [U that is, x'(a;) = if a:; S Z and x'{^) = 1 otherwise. By the 
above equation, we obtain an expression of the left hand side of (j5.ip up to 

(27rz)7(Z + l)!: 

^(f: '^("^(" + ^-^>")) cot.n^a + x'(y)f: '^"^^"'"^"^"^^ ), (^ ^dd), 



m— 1 



E 



s(m(a:: + {—y}a)) 



cot TTTTia — x'(2/) /, 



c(?7i(a:; + { — i/ja)) 



(Z even) 



^ 7n—l m—1 

On the other hand, if y ^ Z, then it follows from p.6p and (— y) = {— y} that 
|(/,a,x,y) 



1 Y^ e(TO(a; + (— y)a)) /c(am) + 1 \ 

2 ■'^ m" \efa?Ti) — 1 / 



.^e2; 

(m^O) 



= -E 

2i '^ 



Q(rn(x + {—y)a)) 



cot TTTTia 



IE 



e(m(x + (— y)a)) 






V" c(TO(a; + {-y}a)) ^ s(m(a:; + {-y}a)) 
> ; cot Trma + > ; 



rn— 1 



-^-^ , ^^ ^^ cot Trma - > 



771 — 1 

c(?Ti(a:: + {— y}a)) 



(/ odd), 
(Z even). 



liy e'Z, then it does from (fOI . ([73]) and (-y) = 1 that 

i{l,a,x,y) 

e{mx) e{ma) l — l -s—^ e(—mx) e{ma) 



E 



' imJ 1 — e{ma) 

Ee{mx) /i 
. to' V( 



«(V)E 



1 ^ e(™») ,e,o„., + 1 , jU i £ 2h!=£) r!tif:i±i _ 1 



— ' 7TT,' \e{am) — 1 



—^ TO,' 1 — e(?na) 
2 ^^^ (-m)' V« 



— ' (—TO,)' Ve(— am) — 1 

7=1 ^ / \ / 
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; — cot TTina + Cli(x), {load), 

m—l 

; — coiTTma + tCli(x), H even). 






Thus we get (i). 

We will verify (ii) next. By [HI PROPOSITION 11] and dSH), we obtain 

Re lim S',„,„(r,a;', x, j/', y; r) 

r— >zoo 

_ {Sm,n{r,x,y\T)-\(i{r,x,y) (m = n = 1, (0, x, y) € (1, n(r), d(r))R + Z^), 
\Sm,n{l;r) {otherwise). 

By virtue of [H LEMMA 8], the condition {Q,x,y) £ (l,n(r),d(r))R + I? is 
equivalent to the condition y, n{r)y — d{r)x € Z. Thus we obtain (ii) . D 

We prove the following proposition, or the remainder of the tasks in this 
section. 



PROPOSITION 5.2. Theorem \4-S\ induce ll.4\l with integers s less than —1 
if T ^f ioo . 

Proof. For any integer /, let ip{l) denote 1 if Z is odd, and i if / is even. By 
tending t to ioo in (14.41) up to {I + l)!/(27rz)'+^ and taking its real part, we 
obtain by Proposition 15.11 that 

(; + l)! 



(2TTiV V^^' "' ^' ^^ ~ ^iOxiy)Ch ix)j 
—j{V; a) "^[£,{1, Va,ax + by, ex + dy) — 'ip{l)x{cx + dy)Cli{ax + by) 
= E {^^l^^{-m^)fSu+,.„.^k{-^,-x,y). 

On the other hand, we can derive the above equation from (|1.4p with integers 
s < — 1 and (x, y) = {q' , —p') = {q, —p){ _^f, ~^) in a similar way as the proof of 
[21 Proposition 2.2]. We omit the rest of the proof because of similarity. 

D 

6 Proof of Lemma 14.31 

We give a proof of Lemma [4.31 in this section. Let YJ (resp. \J ). means 

ni' ,rn m' ,m 

running over all integers (m', m) £ l? (resp. Z-^\{(0, 0)}). If there is the symbol 
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"e" on them, we promise that the summation rule follows Cauchy principal 
value, i.e.. 



(6.1) 



In order to prove Lemma 14.31 we need the equation in the following proposition: 

PROPOSITION 6.1. Let a he an irrational real algebraic number, and s be 
a complex number with Re(s) > 3. If x',x,y',y e M\ Z, then 

/y-' y^^ y^/ y^^\ e(TOV^ + my) e{n'x' + nx) ^^ 

V ^—^e ^-^e ^-^e ^-^e) (rm! + to)* a^Tm' + m) + rn' + n 





M M 


>:- 


= lim y y 


m' .m 


m' — — M m— — M 




M M 


U= 


= hm y y 


m' .m 


m' — — M m— — M 




(m',m)5^(0,0) 



m\m n'n n'n ni' .m 



or the order of (m! ,m) and {n',n) in the sum can be changed. 

We give the proof of Lemma 14.31 before verifying (j6.2p . 
Proof of Lemma\4^ Let ( < ^) = ( |) G M2(V"). It follows from ^^ that 

i{l,Ta,T{§);T) ^^{l,a + l,C+/);T) ^i{l,a,{§);T), 

thus we obtain (|4.4p in case oi V = r+. Replacing a by r~a on the above 
equation shows the case V = T^ . 

We will prove (|4.4p in case oi V ^ S. Let I be an integer with / > 4, and 
x', x,y\yeR\ Z. Since Y^ - X' = {Y - X) J2[7Jq ^fcyi-i-fe^ 



11 11 ' ^ 



y^ I- 

Z^ Vk+l Vl-k 



x^ X -Y Y^Y - X '^ y^^+i X' 

By replacing Y by Y and multiplying a^^ both sides, we get 

1 1 , 1 1 1 ^, .. 1 1 



oi- \ t " - -E(-"^' 



X^aX + Y {-YY^Y + X -^^ ' y^+iX'-*^' 

By substituting rm' + m and rn' + n for X and Y respectively, and ranging 
{m',m) and (n' , n) over 1? \{(0, 0)} up to e{m'x' + mx)e{n'y' + ny) as the rules 
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(|6.ip . we obtain 

^' s-^' / e{m' x' + mx) e(n'y' + ny) 



n'n m'rn 



[Tm' + my a{Tm' + m) + rn' + n 

i_ie{n'y' + ny) e{m'x' + mx) 



a 



{—T-n! — nf —{rn' + n) + Tvn! + m/ 

k=0 n' ,11 m' ,m 

On the other hand, L. Kronecker [T^ (see [TB] for a proof) showed that 

i?/^ \^ \^ e(— TTi'a;' — ?na;) ^^ e(?Ti'a;' + mx) 

—la;, , T) - 2_^^ ^ ^ ^^^^^ + rn ~ ^e -X + Tin' + m ' 



^'=(^5r) = -— -^5] 



(27rz)*-' -"^-^e (tto' + m)'^ 



Thus, by (|6.2p . the left hand side of (|6.3p equals 
^' e(m'a;' + ma;) / ■r-^ e{n'y' + ny) 



Y^' e(m a; + ma;j / v-^ ^ 

•■^-^e (tto' + to)' V ■'^e airm' + to) + rn' + n a{Tm' + tti) 

n' .771 n' ,71 

i_^ Y^' c{n'y' + ny) ^^ / e{m'x' + mx) 1 

-■^-^e i—Tn' — nY ^^<i\ — (Tn' 



e (Tm' + mY a (/ + !)! 

; i/'^-^' c(—n'y' — ny) , \, , -. s , ^i (iniY^^ ,^ , 



-■^-^e i—Tn' — nV ^-^e \ — (Tn' + n) + rni' + m —(tu' + n) 

n',n ' ' 7n',7n "^ ' "V ) 

{m'x' + mx) ^. ^ , , , . 1 (27ri)'+i 

e (tto' + to)' a (/ + !)! 

' c(-n'j/' -ny) ^ 1 

—7 — ^——n—F{~x; (tu +n);T) + { -y-.,_^,^ 

e [Tn' + n)' a (' + 1) 

We note that one can omit the symbol "e" on >, above because the series 

are absolute converges if ^ > 4. On the other hand, the right hand side of i 
equals 



fc=0 



(2^*)'+V lo ..._^ . . „^<: 



= Rsil,a,M;T)- ) ' [ Sz+i(f; t) + (-a)'Bz+i(y;T) 

(/ + 1)! V a 

These yield (gH) with ^ > 4 and ^ = S" since the set {("=>) |x', a;, y', y G R\Z} is 
dense in M2(V). In order to get (|4.4p with Z = 3 and y = S*, we need differential 
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equations for Kronecker's double series and their generating function as follows. 

[r-^ + ^)F{x-. ^; ^) = 27rzXF(f; X; r), 
d 9 /^ N 



which are derived from the definitions (|2.3p and (|3.ip immediately. If Re s > 3 
and {z',z) G {{x' , x) , {y' , y)} , we can easily see from the proof of Lemma [2.21 
that the series 

y-^' d d feim'y' + my) \ 

> (ttt-: + T^j ^ ; ^ — F(x;a{Tm +m);T)] 

^^ dz' dz\ (Tm' + mY — ^ ' ^ ^' V 

m' ,m 

absolutely converges, thus the term wise differentiation of the above series is 

d d 
possible. Therefore applying the differential operator r— — - + — — to (14.41) with 

ox ox 
I = 4 yields (jO]) with / = 3. D 

To give a proof of Proposition 16.11 we need the following lemma. Its proof 
is based on Siegel's way [13 pp. 31-32]. We note that it was used in [TT] for 
proving Rmanujan's formulas with respect to L-functions. 

LEMMA 6.2. Let y' , y, A be real numbers, and iV{, A^i, N2, N2, m' , m integers. 
If y',y ^Z,X> 0, N[< N^,Ni< N2 and (to', m) ^ (0, 0), then there is a posi- 
tive real number D — D(jj' , y, A, a, r) dependent to y\ y, A, a, t and independent 
to N[,Ni,N^,N2,m',m such that 



N'2 N2 



e{n'y' + ny) 



I ■'^ ^-^ airm' + m) + rn' + n 

n'=N[ n=Ni 

Proof. We consider the four cases as follows: 



<D|rTO' + TO|^+\ (6.4) 



[S)^am' i[N[,N^], -cto ^ [iVi, TVs], 

(ii) - am! e [N[ ,N'2l -ami [^i , N2] , 

(iii) - am/ i [N[ ,N^], -am € [Ni , N2] , 

(iv) - am' e [N[ , iV^] , -am & [Ni , N2] . 

Firstly, we verify (j6.4p in case of (i). Set the real numbers z, a^,, a„, /„'.„ as 

, _ e{n'y') _ e{ny) 

°"'"e(y')-l' """e(y)-l' 
z ~ a{Tm + m), fn'.n — z + rn + n. 

Note that c(y') — 1 7^ and c{y) — 1 7^ because of y' , y ^ Z. Since ein'y') 
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a[^,^i — a'^, and e{ny) — a„+i — a„, we find that 

^ ^ Z + TTl' + n 
n'=N{ n=Ni 

^2 N2 I t 1,1 

/ Ar/ i\r Jn'n 

n'=N[ n=Ni ' 

N'^ + l JV2 + I , JV2 + I N2 I 

I ^r/ 1 1 ^r I 1 Jn' — l,n — l »7/ , , »r Jn' — 1.71 

n'=N[ + ln=Ni + l n'=N[ + ln=Ni 

N'2 N2 + I I N'^ N2 I 

_ v^ y^ °k' "■» + y^ y^ "k'°" 



JV2 ^2 



^ Y^ a'„,an (- + — 

AT/ , 1 j\r I 1 ^ J n' — l,n—l Jn' — l.n Jn'n—l J 'n 

— iV-|^ + i n— iVi + i 

-^A^i y. f^n'tT 7 )+a7V2 + l V^ ^n'lT 

/ M'^^ ^Jn'-l,Ni Jn'.Ni ^ , m' ^^ ^Jn'-l 

n'—N[ + l n'—N[-\-l 



1 



-1,N2 Jn',N2 



Jn 



^^ ■ 1 1 X ^ / 1 1 



+ 



aN[ J2 "^"(t 7 )+«w^+i Z! ""(7 7 



/jV^,JV2 fN.^,Ni fN[,N2 fN[,Ni 

If C'> ^: Ci : ^1 : C2 ' ^2 are real numbers such that 

then elementary integral theory tells us that 
1 1 _ f^'^ dn' 



/«;.? k2X 4 {z + r^,' + 0'' 

1 1 /"^^ dii 



^2' 






h[.ii k[,i2 /?i,?i /«^,?2 Vc; Jii (z + Tfi' + fif 

Let A = A{y', y, r) be 2(l + |T|)/|e(y')-l||e(y)-l| and LHS be the left hand side 
of (jOl) . Since 2(1 + |T|)|a;,||a„| < A if iV( < n' < iV^ + 1 and TVi < n < TVa + 1, 
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it follows that 



LHS < A( / 

v./ AT' 



di^'diJ, 






(6.5) 



N, |z + r/i' + 7Vi|2 y^, Iz + T^' + TVal 



AT' 



d/i' 



TV, 



d/i 



iVo 



d/i 



1111 



l/7V;,7Vil l/w^JVal \fN^,Ni\ l/w^^.TVal 



Put f' = ain' and t = 



Na /•JV2 



It follows from ([^ that 
dji'dji 



N[ Jni |z + r/i' + ^|3 



< 



^2 /•Af2 



(2(|r|-|Rcr|))'/'^; ^. |t' + ^'|3/2|t + ^|3/ 



dfi'd^ 



Thus, because —t' ^ [A^(, A'^j] and —t ^ [A'^i, A^2] by the condition (i), there are 
a real number h — b^r) depending on r such that 



N^ rN2 



dfi'd^L 



< b 



1 



1 

|t' + 7V^|i/2|t + Ar2|i/2 + \t' + N^\y^\t + Ni\^/^ 
1 1 



|f + iV{|i/2|i + Ar2|i/2 \t' + N[\^/^\t + Ni\^/^J' 



Since 



we have 



1,1 X 

-dx ~ — arctan — , 



J/2 -|- 2)2 



N2 



djjL 



N2 



d^i 



Ni {t + ^l+ (Re r)(i' + N')) + (Im r)2(t' + iV')2 



1 



< 



|ImT||i' + 7V'| 
llmrlli' + iV'l 



arctan 



i + /i + (ReT)(i' + 7V') 



/\nP=A'2 



llmrlli' + iV' 



p=JVi 
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In a similar way, we get 






/^r, |z + T^' + A^|2 - |r|2|Im i||i + iVr 
Furthermore we easily see from (I2.8P that 

1 1 / 1 \i/2 

< 



\fm,M,\ \Tt' + t + rN'^,+N,\ - V2(|r|-|Rer|)|i' + 7Vj,||i + 7V,|y 

if j',j = 1,2. Therefore we conclude from (|6.5p that there is a positive real 
number B = B{y' , y, r) depending on y', y, r such that 

LHS < B[{ ,2 + ATni/2)\ 



1111 

|am' + iV{| \am' + NI^\ \am + Ni\ \am + N2\ 

On the other hand, by the theorem of Thue-Siegel-Roth in the diophantine ap- 
proximation theory, there is a positive real number C — C(a, A) > 1 depending 
on a, A such that 



a-j 



>ck^ (fc,^eZ, ^>0). 



We see from this that 

RTIi ' ^I'l'" 

for fc,/ e Z with {k,l) ^ (0,0), which deduces from C\l\^+^ < C{\1\^+^ + 1) < 
C(|/p+i)/2 + 1)2 that 

Thus, by ((^ . we have 

LHS 

< S('4C(|m'p+i)/2 + l)(|m|(^+i)/2 _^ ^) ^ 2C{\m'\^+^ + \m\^+^ + 2)) 



< 8BC 



{2(|t| - |Rc t|)}(^+i)/2 Im(T)^+ 



+ w^ + ^')l™' + -l'"^ 



where C" is the maximum of {l/irk' + k)\{k' , k) e 7? \ (0, 0)}. Because S, C 
and C are dependent to only y', y. A, a, r, we obtain (J6.4I) in case of (i). 

We consider the case (ii). We can easily obtain (|6.4p if {m',N[,N2) = 
(0,0,0), so we assume that {m\N[,N2) ^ (0,0,0). Let [x] denote the integer 
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part of a real number x, i.e., < x—[x\ < 1. Suppose that m' = 0. Then —am' (fi 

[7V{,-l],-am' ^ [l,iV2]> -a"i' e [0,0]. Set .g„/^„ := e(n'y' + nj/)/(a(Tm' + m) + 
Tv! + n). We have 



^2 A'2 


-1 Af2 


N^ N2 


JV2 


E E 5n'.« 


^ E E -9"'." 


+ E E 3"'." 


+ E 50,n 


n'=ArJ r!=Afi 


n'=Af{ n=Ni 


n' = l n=Ni 


n=Ni 



where empty sums mean 0. We see from the proof of (i) that the first and 



second terms in the last formula have the upper bound Irm' 



|A+1 



up to 



constants depending only y\y,X,a,T, and from Siegel's way [HI pp. 31-32] 
(which is also used in [Til proof of Lemma 2]) that the third term JX^niAf 5o.»il = 
ISnijv 6(?^J/)/(?7^^-7^)] have the upper bound ]7n]'^+^ up to constant depending 
only y, A. Therefore we verify the case (ii) with m' — 0. If m' ^ 0, then 
—am' ^ [N[, [—am,']] and —am' ^ [[—am'] + 1, iVj], thus we can prove this case 
as same as the above case that m' = 0. Therefore we completes the proof of 
(|6.4p in case of (ii). 

We can prove similarly the other cases (iii) and (iv) as the case (ii), thus we 
omit the proofs. D 



In the end of the section. We prove Proposition 16.1 



Proof of Provosition \6.1\ Since Re s > 3, there are positive real numbers A and 

So with Re s — A — 1 > sq > 2. Let e be an arbitrary positive real number. Since 

El 1 
■ — converges, there is a positive integer M satisfying 
TTTi' + m,r<^ 



E 



'>M 
m>M 



\Tm' + m]''" 



< e 



where the summation runs over {m',m) g Z such that m' > M or m > 

1, r i,r ■ 1 ■ v^' e(n'w' + ny) 

M. Moreover smce the series >^ 



a{Tm,' + m) + rn' + n 



converges for every 



(to', TO,) e Z-^ \ (0, 0), there is a positive integer Nq such that 



e{n'y' + ny) 



y 

^-^ airm' + to) + rn' + n 

|n'|>JV ^ ' 

or \,^\>N 



< e 



if A^ > TVo and (to', to) e {I? \ (0, 0) ] Jm'], Jto] < M). Thus wc find from 
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that there is a positive real number D not depending on N and e such that 

e{m'x' + mx) e{n'y' + ny) 



KEls:;- E' e;)' 



(Tm' + to)* a(r?7i' + m) + rn' + n 

m' ,m n' ,n |Ti'|<Af m' ,m 

and |n|<JV 



E + E' ) E 



e{m'x' + mx) e{n'y' + ny) 



(rm' + m)^ afrm' + to) + rn' + n 

,,. \>M \m'\<M \n'\>N ^ ' ^ ' 

or \m\>M and \m\<M or | ti | > iV 

< D V] , / , \rm' + m\'+'+e V' ^ 



,TTO + mr -"^ — ' TTn' + TO ■ 

>J\f ' ' \m'\<M ' ' 



\>M 



< e(D+j: 



rm + m\ 

rn'm ' 



ii N > Nq. By virtue of the arbitrariness of e, we obtain (|6.2p . D 

7 Proof of Lemma 14.41 

In order to prove Lemma 14.41 we give the following formulae for the elliptic 
Dedekind-Rademacher sums Si^i(r,M;T). 

THEOREM 7.1. Let r be a rational number, and I a positive integer. The 
maps 71 : Q — )• Z and d : Q — > Z>o are as ^3.4^ . Let M2(r') be the subset of 
M2(M) defined by 



x,d{r)x-n{r)y(^Z''}. (7.1) 



The relation of M2{V) defined in (J^ ts that M2(-d/c) = M2(y) ifc^O. 
//y = («fe) g SL2(Z) withj{V;r) ^0 and Af e M2(y) nM2(r), then 



Su{r, M; t) ~ j{V; ry-^Sij{Vr, VM; r) 

_ (-1)'^! „ n ,j (--1)'/ c i3;+i(ci(r)f-n(r)y;r) 



REMARK 7.2. Theorem l7.1l rcproduces apart of Halbritter's result [9} Theorem 
2] when t ^- ioo. 

For any V = {-\) ^ SL2(Z), set j(l/;r) := — ^ - :^j(V^;0- Before 
\ L u/ jyV^r) dr 

proving the theorem, we give the proof Lemma 14.41 by use of (17.21) . 

Proof of Lemma \4-4\ Because detF — ad~bc — 1 and Vr ~ {ar + b) / {cr + d) = 
{an{r) + bd{r)) / {cn{r) + dd{r)), we have 

gcd(an(r) + bd{r), cn{r) + dd{r)) — 1. 
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Since j(V; r) — cr + d = {cn{r) + dd{r)) / d{r) , we obtain 

where sgn{j{V;r)) equals 1 ii j{V;r) > 0, and —1 ii j{V;r) < 0. We also get 

n(r)r7 - d{r)^ = sgn{j{V; r)){n{Vr){c^ + drf) - d{Vr){aS, + 6r/)) (7.4) 

for complex numbers ^, 77 by virtue of 

Since 

= [Si,i{r,M-T)~]{V-r)'-^Su{Vr,VM-T)^ 
-[Su{r,M;T) - j{Vi-rf~^Su{Vir,ViM-T) 

we find from ^^, ^^ and (HH) that 
(/ + !)! 



(27ri) 



|-^ (i?y (?, r, M; r) - i?y, (/, r, M; r) - j(^i, ^)'"'^y. G, V^r, V,M; r)) 



Bi+i{d{r)x - n{r)y;T) ~ Bi+i{d{r)x - n{r)y\T) 






d(r)'+i ^v 1, ; ^^^^ 

B;+i (d(Vir)(aif + 6iy) - n(Vir)(cif + diy); t) 



d(Vir)'+i 
Bi+i{d{r)x-n{r)y\T) f~ ~ 1 



(j(^;0"jX^i;0--7^r7)25'(^2;Fir)) 



d(r)'+i V-'^" ^ ^^'^' ^ j(^i,0 

where T^ = (°^ |j^ ). By differentiating logj(y;r) ~ log j(V^i; r)j(V2; t^ir) on r, 
we obtain 

Thus (|4.5p follows if z = r is any rational number. Since Rv{1,z,M;t) are 
polynomials in z, (|4.5p holds for any complex number z G C D 



In order to verify (|7.2p , we establish transformation formulae of the functions 
Si^i{r,M;X,Y;T) defined below instead of S'i,;(r, M;r). The coefficients of 
X°, Y° on the functions Sij{r, M; X, Y; r) nearly equal Sij{r, M; r) (see Lemma 
17.61 below), thus the transformation formulae of Si.i{r,M;X,Y;T) give rise to 
those of 5*1,; (r,M;r). 

Let us define Sij{r,M;X,Y;T). Assume that 

ZeZ>o, r = n{r)/d{r)eQ, Af = ( ^; -) = ( f ) G M2(M) 
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and X,Y are complex variables. If M G M2(r), then Sij{r,M;X,Y;T) are 
defined by 



Sijir,M;X,Y;r) 

(7.5) 



where F^^'Ux; X: r) denotes — ( -- Fix; X: r). We see from dMl) that 

5'i_;(r;M, X, F; r) have the following periodicities with respect to X and Y: 

Suir, M; X + l,Y;r)^ e{-y)Sijir, M; X, Y; r), 
^i,z(r, M; X + t,Y;t)= ei-y')Si,i{r, M; X, Y; r), 
^i,z(r,M;X,r + l;T)=e(a;)5i/r,M;X,r;T), 
5i,z(r, M; X, r + r; r) = e(a;')5ij('^, M; ^, Y; r). 

For the purpose of establishing transformation formulae oi Sij{r, M; X, Y; r), 
we also need functions Rv{l,r,M;X,Y;T) whose coefficients of X°,Y° nearly 
equal Rvil,r,M;T) (see LemmalZH): If F = (2^) G SL2(Z) and M = (|) G 

M2(F), then the functions Rv{l, r, M; X, Y; r) are defined by 
Rv{l,r,M;X,Y;T) 

[o (c = 0), 

(7.7) 

where Sk+i,i-k [ -,(^g);X,Y;T] denotes 



c 



y 



1 y- p{k)^l + y._^x_^Y;T)F^'-'-''\d^^^ + x;Y;T) (7.8) 

c -^^ c c 

i'j'(|c|) 

and the summation takes over all elements in (Z/|c|Z)^. We see from (|2.5I) that 

R^v{l,r,M;X,Y;T) ^ Rv{l,r, M; X,Y;t). (7.9) 

For a proof of the transformation formulae of Si^i (r, M ; X, K; r), we prepare two 
lemmas. 
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LEMMA 7.3. Assume that r = n{r)/d{r) € Q, (° ^) G SL2(Z) and (™' ^'), 

\ mo no' '^\ / J \ m n J \ ma no / V c dj ' 

r{Tm' + m) + rn' + n = (ar + 6)(rTOQ + ttiq) + {cr + d)(rnQ + ng). (7.10) 
In particular, we obtain the equalities of lattice 

-rrriT'Z + Z) = rfrZ + Z) + rZ + Z 

rfW (7.11) 

= (ar + b){TZ + Z) + {cr + d){TZ + Z). 

Proof. A direct calculation verifies (|7.10l) . The first equality in (|7.1ip follows 
from the fact that gcd{n{r),d{r)) = 1. The second from (|7.10p and dct(^ d) ~ 
1. D 

LEMMA 7.4. Let g ■ h :— g'h' + gh be the inner product for two vectors 
g = {g' , g) and h = {h\h) G M."^. Assume that c G Z \ {0}, / G Z>o, and 
i = (i' , i) G Z^. Then we have 



F^HS;X+'-^^;r)^c}-^ ^ e(^ ^±:^)£(')(^±^; cX; r), (7.12) 
c ^^-^ c c 



i?„(a-;T)=c"-2 V i?™(^^;T), (7.13) 

^-^ c 

3' ,j(\c\) 

where the summations take over all elements in (Z/|c|Z)^. 

r 1 

Proof. Suppose that j = (j', j) G I? and X 4 -1+ -Z. Set 

c c 

f{z) = F{x; -z + X; t)F{^-±^;cz; t). 

c 

We find from p. 41) that the function /(z) is a doubly periodic function on tZ+Z, 
and from the positions of the poles of F_{x; X; r) that f{z) has the only simple 

r 1 

poles on the lattices — Z H — Z and X + rZ + Z. Since the sum of the residues 

c c _ 

of f{z) at its poles in any period parallelogram equals zero, we have 

- / F{x;X-\ ■.T)e[—k k ) ^ F[ -jcX^t). 

c ^—i ,, c c c c 

fc',fc(|c|) 

By adding each side of the above equation for j', j' = 0, 1, . . . , |c| — 1, we obtain 



cFix-X-T)= J2 F{-^;cX;t) 
/j(kl) 
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kl-1 j 

because Y] e(— fc-p-r) equals \c\ if k divides IcI, or equals otherwise. Replacing 

3=0 \c\ 

TZ ~|~ 1 

X by X H and ((^ imply ([Tl^ . The second equation iTTWi follows 

c 

from (|71^ with i' = i = and dST]). D 

For describing the transformation formulae of Si,i{r, M; X, Y; r), we use the 
following notations which are only different in the description of variables X 
andY: 

Si,i{r,M; ^;t) :^ Si.i{r,M;X,Y;T), 

Rv{l,r,M- ^;t) := ^y(/, r, Af ; X,^; t) 

The transformation formulae are the following. 

PROPOSITION 7.5. Let I e Z>0; r = n{r)/d{r) e Q, V e SLaCZ), M e 
M2{V)f]M2{r), andX,Y eC. If j{V;r) > 0, then we have 

Si,,ir,M; ^;t) - j{V;ry-'Si,iiVr,VM;V{J);T) ^ Rv{l,r,M; ^;t). 

(7.15) 
Here the maps n,r and the sets M2(V^); M2(r) are as \3.4^ , {4-3^ and {l.l^ . 

Proof. Set F = (^ ^5) and Af = (I) = (^; ^). Let Af and Y be fixed. We 
define the function L{X),R{X) and LR{X) by 



L{X) 

R{X) 

LR{X) 



= (the left hand side of fTTSl) ). 
= (the right hand side of (|7.15p ). 

= i(X)-i?(X). 



We find from ^^^ and dLll) that L{X) and R{X), or LR{X), have the quasi 
periodicity depending on y', y on rZ + Z: 

ii?(X + l) =e(-y)ii?(X), LR{X + T)=c{-y')LR{X). (7.16) 

The goal of the proof is LR{X) = 0. For the goal, it is enough to prove that 
LR{X) is an entire function when 

Y(^^^irZ + Z), y',y^Z. 

In fact, if it is true, then LR{X) is a bounded function by the periodicity, thus 
LR{X) is a constant function for above Y,y',y because of Liouville's theorem. 
Since y' ,y ^ Z, and (|7.16p . the constant should be equal to 0. By the continuity 
of LR{X) as a function of Y, y', y, we may omit the restrictions of Y, y', y. 
We will attain the goal. We define Mq = (2) = C'" ""l) and ( y° ) by 

^Xo\ _ yj^j- ^ /ax + byX ^ /ax' + by' ax + by\ 
yo) ' \cx + dyj \cx' + dy' ex + dyj ' 

Xo\ ^yfX\^ (^X + bY^ 
Yo ■ \Y [cX + dY, 
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Mo =(-!') := VM = 



Since j{V; r) > 0, we see from ([7^ and (fTi)) that 



J)-: 



Si,iiVr,VM;V' 

.5„(?S,f5'):('t;»|;.) 



d{Vr)'\yoJ ' \Yo ^ 



(7.18) 



d{Vr) ^ -\diVr 

^ ^ 3':3(d(Vr)) ^ 



F^^-^^{n{Vr) 



3+yh 
d{Vr) 



sch': —cX — dY; r 



Therefore it follows from (|7.5p . (|7.7p and ()7.18p that all possible poles of the 
function L{X) are on the lattices 



a(rj c c 

ry+-^(rZ + Z) 
d{r) 



and that those of the function R{X) are on 



(c^O), 
(c = 0), 



d 1 , 

■-Y +-{tZ + Z) 



if c 7^ 0. Because Y 4 — rfrZ + Z), the two lattices do not intersect, i.e., 

diyr) 

(^^ + ^Zt(^^ + 2)) n ( Y + -(rZ + Z)) = (/). 

^ a[r) ' c c 

Therefore, we only have to prove the following two claims for the entireness of 

LR{X) = L{X) - R{X): 

(i) LiX) is holomorphic ai X e rY + ^— (rZ + Z). 

d{r) 

(ii) L{X) - R{X) is holomorphic at X e — F + -(rZ + Z) if c> 0. 

c c 

Firstly we prove (i). Let z E — — — (rZ + Z). By virtue of Lemma [7.31 there 

d{r) 

are ( ™' "' ) , ( ™o "» ) G Ma (Z) such that ( ™' «' ) = ( ™o "o ) 1/ and 

d{r)z — n{r){Tm' + to) + d{r){Tn' + n) 

= n(W)(TmQ + mo) + d(W)(TnQ + no). 

Let rh,n,rnQ and tiq mean the vectors {m' ,m),{n' ,n),{m'Q,mQ) and (rip, no) 
respectively, that is. 



t mo 



n-o / V n 



(7.19) 
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where the symbol *7 means the transpose of any matrix 7. Then we set 

w := — m ■ X — ft ■ y = — rng ■ xq — no ■ yh (^ C (7.20) 

where the second equation follows from (|7.17p and (|7.19p . Let O stand for 
Landau notation. We see that 

^ ^ E F(^^;-d{r)X-n{r){Tfn'+m)-d{r){Tn'+n)- 



^^(-W^ + -^;>^;-) 



iMl (-1)' v^ ( j + y 



dir) E e(-^^.Wr)m + d(r)n)) 

j',j{d{r)) 



il3jl (— l)'~^e(w) ■^ —n{r)j + d{r)x — n{r)y 

" rf(r)2X ^ ''^"' dM ^ 

xZ''-i) (_„(r)^ + x: Y- r) + 0(1). 
Because of gcd(n(r),d(r)) = 1 and (I7.12p . 

(— l)'^-^e(w) ■r-^ j + d{r)x — n{r)y 



E ^^'^ 



d(rVX ^ ' dir) ' 

V d{r) / 

In a similar way, we find that 

Si,i{yr,VM-V{''+-^+- );r) 

]',3{d{Vr)) 



=£"-H^-)^«-<^-)+f?'--) 
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(-l)'-^e(w) Y^ / ^ -n{Vr)j + d(yr)xl) ~ n{Vr)y'o 
d(r)d(Vr)X ^ '^^"'°' d(Vr) ' 

j',j{d{r)) 

(-i)'-icH 



d{r)d{Vry-^X 

xF('-i' [diVr)xh - n{Vr)fo; -1-^Y + ^i±^Z^^; r) + 0(1). 

By ()7.4p and (|7.17p we have d(yr)a:7) — "-(V''')yo = d{r)x — n{r)y, and by some 
calculations we get 

., ,;_j d{Vry~^ Tm' + m cz + TiriQ + niQ 

■^^ '"'^ d(r)'-i ' d(r) d(yO ■ 

Therefore it follows that L(X + rY + z) = 0(1), which prove the claim (i). 

We prove the claim (ii) next. Let z — -(rmg + nio) e -(rZ + Z). By (13. ip . 

c c 

one has 



(-l)"n! -r^ B„+„+i(f;T) 



- ^ ' ' '^ 27ri "X"+i ^^ TO + n + 1 m! ^ ^ 
~ (27rz)"X«+i +'^(^-'' 



(7.21) 



thus we find that 



^i,(W,0/;F(^-W^)^+^ );r) 



^ ' j',Jid(Vr)) ^ ^ 



<^('-i) (_„(v^^)l±^ + f^. cX + Tm'o + mo; r) 



- ^(TT;^ L e(-TOo.WT/r)^^-xo}) 

fTgn jl-iy. I ^ ^7^^27rid(r))*-^^ 
~ (27rz)'-id*'^'"°'''°^^ fclX'-'^ d(yr) 

X ^ e(-n(Fr)TOo.^^)F()(-^^;d(r)z-^— ;rj+0(l) 
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03 (^-1)! , . ^. 



i-i 



(2^^d(r))fe ^(,)^ ^^^ y , d(r)+cn(T/r) 



Because of d{r)'' /d{Vr)'' ~ l/j{V;r)'' and (d(r) + cn{Vr))/d{Vr) = a, we 
conclude that 

L{X~-Y + z) 

(7.22) 
On the other hand, since ( S) = ^^^ ( «- ) > it follows that y = —cxq + ayo or 

rno • y = arrio ■ yo - cmo • a;7)- (7.23) 

Therefore we can find similarly above way that 

R(X - -Y + z) 
c 

= i?,/(/,r,Af;^-W^)^+^T) 



;-i 



fc=0 ^ ^ 

' ^ c c 

i'j(kl) 

'El ;-i , 

irr2Ti i ^-^ I - 1\ J, k\ 1 



!:(';'><"-'' 



*;=0 



i-1 



{2mY{cXY+^ c 



y e(-rno.:^±^)F('-i-^-)(^^^^^;-y;r)+0(l) 



/,i(kl) 



^1 _\^/^'^lVfT/ ^fc fc!e(rrio • a^o) 1 



A:=0 ^ 

X 






i'j(|c|) 
i ma e(mo ■ 2^) v-^ fl — 1\ ./y, Nfc ^' 



fc=0 



r^E rr^*"-'-)'^ 



k J-'^ ' ' (27ri)fcXfc+i 

<F('-i-'=)(-fo;-- + az;r) + 0(l). 
c 
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In the last equation, we use the fact that ad = 1 (mod \c\) which follows from 
det V = 1. Replacing fc by / — 1 — fc, the last formula equals the right hand side 
of (|7.22l) . which proves the claim (ii). D 

The remain of the tasks in this section is to derive THEOREM 17.11 from 
PROPOSITION [731 In order to do it, we need the following lemma: 

LEMMA 7.6. Let M{X) means the set of meromorphic functions with the 
variable X, and MF{Y, Z) that with the variables X, Y. For f{X) G MF{X) 
andg{X,Y) £ MF{X,Y), let Cx^{f{X)), Cx™(g(X,y)) and CyAgiX^Y)) 
mean the coefficients of X"^ in f{X) and g{X,Y), and that of Y"^ in g{X,Y) 
respectively. We note that Cx™(/(^)) G C, Cx'^{g{X,Y)) e MF(Y) and 
CY^{g{X,Y))€MFiX). 

Let I, r, V, M be as in PROPOSITION \ 7. 5\ with extra condition c ^ 0. Then 
we have the three equations 



CxooCYoiSi,i{r,M;^;T)) = (2^i)2 -S,,i{r,M;T) 



l{l + l 



-Bi+i{y;T) 



(7.24) 



Cxo o CYo{Si,i{Vr,VM;V{^);T)) 
= i27riy[jSuiVr,VM;T) + 



(-1) 



/-I 



l{l + iyj{V;ry 



Bi+i{cx + dy;T) 



{I + l)d(r)d{Vry 



Bi+i{n{r)y ~ d{r)x-T) , (7.25) 



CxooCYo{Rv{l,r,M-§-T)) 



(7.26) 



Proof We find from ([73]), (171^ and (TT^ that 



Cyo(^i,(r;M, ^;r)) 
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rr2Tl 27ri 



ld{r 



rrT2i 2'Ki 



E [F{^-^-,^d{r)X-,r)B,(n{r) 



r-j(d(r)) 



d{r) 



j + y 

d{r) 



-{n{r)YF}' 



ipWfLLl. 



d{r) 



-d{r)X-T)] 



^ ^(^'-^«^'-)^'H 



dir) -^ -\ d(r) 



j + y 

dir) 



-r'F('\y;-X-T) 
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By using ([7^ again, we get ((7?M1) . 

We prove fL25\\ next. By (fTTSl) . we have 



CYo{Si.i{Vr,VM;V{^);T)) 



d(yr) ^^ -\d(Vr) 

^ ' j'J(d{Vr)) ^ ' 



By dZHl), we get HTm . 

Finally we verify ((7:^ . By ((721), (fH^ and ([7:^ we have 



Cyo(i?y(;,r,Af;$;T)) 



(EH 



(-1 



= 2.^(-l)';^(^/)H(^,.)) 



fc=0 

1 

X- 



l-l 

k 



k 1 



l-k 



E {£^'^^( 



j',i(|ct) 



;-cA;r lB;_fc(rf h x; r 



ima 



/c=0 



/-I 



2-(-i)T(\/)H(^''^)) 



c 

k 1 



c 



)} 



/-/s 



{^E 



F^ 



(k)fl±l. 



-cX 



j'j(kl) 



;T)B,_fe(, 



,i + y 



jl — k 



F^'^{m-X;r)} 



= 2mi- 



(_i)'gr^-i^H(Zi:)):i V- vi^)(i±l 



- E ^^' 



, k I I ~ k c 

k=0 ^ ' J'j(|c|) 



■,-cX;TJBi^kid \-x;t 



F^'Hm^X;r)j: 



Since 



yfl-l\{-jiV,r)yd^-'' 



k=0 



k 



l-k 



fc=0 



I ^\k 



l-l\{-3(V,r))''d'- 



l-k 



jl-k 



E(IjH(^,r))V 

l(^{d-j{V,r)y^{^j{V,r)y) 



i-iy 



{cry-j{V;ry), 
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we get 




CYo{Rv{l,r,M;^;T)) 


2m 


lj{V-ry-(cry ^^ 


I 


[ d - 



(-l)T(0(-^<'''"»1 E £'«(ii^V=.Y;.)B,_.(.i±l 



i-1 



_ ... +x;t 

fc=0 ^'"^ " 0',3(\c\) 



Therefor it follows from (17^ that 

CxooCYo{Rv{l.r,M-^;T)) 
{2mf \j{V]ry - {cry 



r \ ]{V\ry -{cry 



l{l + l) 

fc=0 ^ ^ J'.j(|c|) 

I(7TT)i d Bw(y;r) + ^^-y^^^i?v(/,r,M;r) 

, (-1)' \r- R f^I±l^^ \ JiV;ry MT^ „ /J+y 

^2^rj(F^r)M£0!„ . , (-1)'(/ + 1)! „ ,, .. , 



3{y\r)e 

which with ([7?^)) gives ((7?^ . 

D 

We prove Theorem 17.11 as the end of the section. 

Proof of Theorem \7.1\ The case that c = is trivial, so we suppose that c ^ 0. 
If j{V;r) > 0, (|7.2I) follows from Proposition 17.51 and Lemma 17.61 Since 

j{-V;r) = -j{V;r), 5i,,((-l/)r, (-F)M; r) = (-l)'-i5iX^r, FAf ; r) and 
R^v{l,r,M;T) = Rv{l,r,M;T) by definition, the case that j{V;r) < is re- 
duced to the case that j{V; r) > 0. D 
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